Various correlated photoionization processes in helium are calculated by direct solution of the timedependent Schrödinger equation. An inhomogeneous set of time-dependent close-coupled partial differential equations are partitioned on a numerical lattice for easy implementation on massively parallel computers. Projection of the time evolved wave function onto lattice eigenstates for He ϩ yields cross sections for photoionization with excitation and double photoionization. The computational results are compared with recent experimental measurements. ͓S1050-2947͑98͒07701-4͔
I. INTRODUCTION
An accurate description of the correlation between two electrons moving in the long-range Coulomb field of a third body, as found in the double photoionization of helium, remains a challenging theoretical problem. However, the difficulties are somewhat mitigated if examined in the time domain. As pointed out by Bottcher ͓1͔, the time evolution of a wave function localized in space, as found in the ground state of helium, obviates the need for answers to questions about the asymptotic form of the wave function in coordinate space or its singularities in momentum space. In this paper a time-dependent close-coupling method ͓2,3͔ developed to study the electron-impact ionization of atomic ions ͓4͔ has been extended to include radiative dipole coupling. This larger set of coupled partial differential equations may then be time propagated on a lattice to yield accurate cross sections for a variety of correlated photoionization processes in two-electron atomic systems.
We begin with test calculations for the photoionization of ground-state helium above the complete fragmentation threshold. Recent synchrotron light experiments have narrowed the measurement uncertainties both for photoionization with excitation ͓5͔ and double photoionization ͓6-8͔ of ground-state helium so as to provide benchmarks for the development of new theoretical methods. Additional comparisons may be made with the vast number of time-independent computational theories developed to understand correlated processes in the photoionization of helium. The most popular methods for photoionization with excitation are based on many-body perturbation theory ͓9,10͔ and standard R-matrix theory ͓11,12͔. Recent calculations for double photoionization, which involve the full three-body Coulomb breakup, have been based on many-body perturbation theory ͓13-16͔, initial-state dipole response functions ͓17-19͔, asymptotically correlated final states ͓20-24͔, hyperspherical ͓25͔ and convergent ͓26͔ close-coupling theory, and eigenchannel ͓27,28͔ and Laguerre pseudostate ͓29͔ R-matrix theory. In the following paragraphs we first develop the time-dependent close-coupling method as applied to the photoionization of two-electron atoms in Sec. II, compare our test results for ground-state helium with experiment in Sec. III, and then give a brief summary in Sec. IV.
II. THEORY
The time-dependent wave function for any two-electron atomic system may be divided into two parts:
where 0 is the exact eigenfunction and E 0 is the exact eigenenergy of the time-independent atomic Hamiltonian. Substitution into the time-dependent Schrödinger equation yields ͑in atomic units͒
where H rad is the Hamiltonian for interaction with a timedependent radiation field. In the weak-field perturbative limit, one may solve the somewhat simpler time-dependent equation given by
͑3͒
The second term on the right-hand side acts as a source for the time evolution of (r ជ 1 ,r ជ 2 ,t) from zero at time tϭ0 to some final value at time tϭT. This inhomogeneous timedependent equation is the photoabsorption analog of the time-dependent Green's function method ͓30͔ introduced for electron-impact ionization of atoms. The equation is also similar in spirit to the time-independent dipole response function method ͓17-19͔ in that only outgoing waves are generated. As shown below in some detail, cross sections for a variety of photoionization processes may be easily extracted from the final wave function (r ជ 1 ,r ជ 2 ,T). Utilizing a standard procedure found in time-independent scattering theory ͓31-33͔, the time-dependent wave function for a given LS symmetry is expanded in coupled spherical harmonics:
where l 1 and l 2 are the angular momenta of the two electrons, and L and S are the total orbital and spin angular momenta of the atomic system. Upon substitution into Eq. ͑3͒, the time-dependent close-coupled radial partial differential equations are given by
where
,r 2 ) are the radial wave functions for the initial wave function 0 , and Z is the atomic number. The Coulomb interaction operator is given by ͓34͔
where r Ͻ ϭmin(r 1 ,r 2 ) and r Ͼ ϭmax(r 1 ,r 2 ). The selection rules of the 3 j and 6 j symbols limit the multipole expansion to a small number of terms. The radiation field operator is given by ͓34͔
͑8͒
The time dependence of the linearly polarized electric field is given by
where the ramp function f (t)ϭt/T for tϽT/4, f (t)ϭ1 for tϾT/4. In the length gauge g͑r ͒ϭr, ͑10͒
while in the velocity gauge
where is the frequency of the radiation field. We note that coupled spherical harmonic expansions may also be substituted into Eq. ͑2͒, yielding a set of time-dependent closecoupled radial partial differential equations similar to those used by Parker et al. ͓35͔ to study intense-field multiphoton ionization of two-electron atoms. We solve the time-dependent close-coupled equations using lattice techniques to obtain a discrete representation of the radial wave functions and all operators on a twodimensional grid. For easy implementation on massively parallel computers, low-order finite difference methods are employed with uniform mesh spacing. For example, the kinetic energy has a lattice representation in terms of a tridiagonal matrix, while the Coulomb interaction operator becomes a diagonal matrix. We divide the radial wave functions as follows:
with each strip jϭ1,2,...,N on a separate processor. To evaluate first and second derivatives, one only needs to pass P l 1 ,l 2
LS
(r 1 ,r 2 ϭ( jϪ1)R/N,t) to processor ( jϪ1) for j ϭ2,3, . . . ,N and P l 1 ,l 2 LS (r 1 ,r 2 ϭ jR/N,t) to processor ( j ϩ1) for jϭ1,2, . . . ,(NϪ1).
The eigenfunctions n and eigenenergies E n for the ground and low-lying excited states of any two-electron atomic system may be found by relaxation of the Schrö-dinger equation in imaginary time (ϭit) ͓36͔:
For a given LS symmetry, n (r ជ 1 ,r ជ 2 ,) may be expanded in coupled spherical harmonics resulting in a coupled set of radial partial differential equations. An explicit exponential time propagator is used to ''relax'' an initial guess to the lowest eigenenergy for that symmetry. A spectrum of excited states may then be built up with successive relaxations with projection. The eigenfunctions n and eigenenergies ⑀ n for the ground and all bound and continuum excited states of any one-electron atomic system may be found by direct diagonalization of the time-independent Schrödinger equation:
For a given orbital angular momentum, n (r ជ) may be written as a product of a radial function and a spherical harmonic resulting in an uncoupled set of ordinary differential equations. Each radial equation is diagonalized on a onedimensional grid; the same uniform mesh as used for the two-electron atomic system. The number of eigenfunctions and eigenenergies for each angular momentum equals the total number of lattice points. After calculation of the two-electron eigenfunction for the initial atom 0 and the one-electron eigenfunctions for the final ion, n , the time-dependent close-coupled equations found in Eq. ͑5͒ are propagated in real time for the appropriate LS symmetry and the initial condition: P l 1 ,l 2 LS (r 1 ,r 2 ,t ϭ0)ϭ0. An explicit ''staggered leapfrog'' approximation ͓37͔ is used for time propagation. The method is ideal for massively parallel computers since it involves only simple matrix-vector multiplications at each time step. The norm of the wave function continues to grow in a strict linear manner if we adjust the time step to be less than one divided by the eigenvalue with largest absolute value of the discrete Hamiltonian operator.
To extract cross sections from the time evolved radial wave functions, we use standard projection techniques ͓38,39͔. The probability of ionization with excitation to a bound state nl m is given by
͑15͒
The cross section for photoionization with excitation to a bound state nl m is given by
where I is the intensity of the radiation field. The probability for double ionization is given by
͑17͒
while the cross section for double photoionization is given by
We note that Eqs. ͑16͒ and ͑18͒ relate the cross section to a rate divided by the photon flux.
III. RESULTS
The time-dependent close-coupled ͑TDCC͒ equations are solved for the photoionization of helium in its ground state for photon energies ranging from 90 to 200 eV, well above the complete fragmentation threshold. We employ two lattices: one with 200ϫ200 points and one with 400 ϫ400 points. Each radial direction from 0 to 40 is spanned by a uniform mesh; on the first lattice the mesh spacing is ⌬rϭ0.2, while on the second lattice ⌬rϭ0.1.
Three coupled channels (l 1 l 2 ϭss,pp,dd) are sufficient to obtain a fully correlated 1 S ground state of helium on either lattice. After expanding Eq. ͑13͒ in coupled spherical harmonics, the Schrödinger equation in imaginary time has the form
͑19͒
Relaxation of a trial function on the 200ϫ200 lattice yields a ground-state wave function with probability density as shown in Fig. 1 and with an energy of Ϫ2.785 a.u. A 400 ϫ400 lattice calculation yields a similar density plot and an energy of Ϫ2.871 a.u. Further improvements in the absolute value of the total energy of ground-state helium ͑chemical accuracy is Ϫ2.904 a.u.͒ could be achieved by smaller mesh spacing and the use of higher-order differencing operators ͓40͔. However, as will be shown below, it appears that the initial-state correlation retained in these ground-state lattice wave functions is sufficient for our purposes. The lattice wave functions for He ϩ are obtained by direct diagonalization of the radial Schrödinger equation associated with Eq. ͑14͒. The bound-state energies for a 200-point and a 400-point radial mesh are given in Table I . The box radius of 40 only supports spectroscopic states for nр5. The bound states for nϾ5 contain some continuum character, whereas the low-energy continuum box states contain some bound character. We note that the total cross-section expressions found in Eqs. ͑15͒-͑18͒ require only bound-state projections. We retain six coupled channels (l 1 l 2 ϭsp,ps,pd,dp,d f , f d) in solving Eq. ͑5͒ for the photoionization of ground-state helium. For the 200ϫ200 lattice the time step is ⌬tϭ0.005, while for the 400ϫ400 lattice the time step is ⌬tϭ0.001. The total propagation time is T ϭ 3 2 R/ͱ2(Ϫ⌬), where ⌬ is the single photoionization threshold. This guarantees that the first photoelectron that is ionized does not have time to reflect from the box boundary R and return far enough to disturb the second electron. For a photon energy ϭ85 eV on the 200ϫ200 lattice, the probability density is shown in Fig. 2 for the six-channel wave function at time tϭ 1 2 T. The sp and ps channels are strongly dominated by single photoionization, whose density flow is nearing the boundary. Besides monitoring the probability Cross-section ratios for photoionization with excitation of helium are compared with a recent experiment by Wehlitz et al. ͓5͔ in Tables II and III . The ratios are found from summing over the degenerate levels for each n and then are expressed as a percentage of the single photoionization cross section at that photon energy. Although the 400ϫ400 lattice calculations are slightly under experiment at low energies, the agreement by 200 eV is quite good. The many-body perturbation theory results of Chang ͓9͔ cross our 400ϫ400 lattice calculations around 120 eV, being slightly higher at low energies and slightly lower at high energies.
Cross-section ratios for double photoionization of helium are compared with the recent experiments of Levin, Armen, and Sellin ͓6, 7͔ and Dorner et al. ͓8͔ in Tables IV and V. Although the 400ϫ400 lattice calculations agree quite well with the experiments of Levin, Armen, and Sellin ͓6͔, they are about 15% higher than the experiments of Dorner et al. ͓8͔ and the more recent experiments reported by Levin ͓7͔. All the time-independent close-coupling calculations ͓25-28͔ lie between the Levin, Armen, and Sellin ͓6͔ and Dorner et al. ͓8͔ experimental measurements.
All the time-dependent close-coupling results presented in Tables II-V were calculated in the length gauge of Eq. ͑10͒. Spot calculations at 89.5 and 200 eV in the velocity gauge of Eq. ͑11͒ on both lattices produced cross-section ratios in excellent agreement with the length gauge results. It appears that the lattice calculations are almost gauge invariant.
IV. SUMMARY
Overall the time-dependent close-coupling calculations for the photoionization of helium agree well with the recent synchrotron light experiments. Improvements in the accuracy of these test calculations can be made by a combination of smaller lattice spacing, higher-order differencing, and larger boundary radius. Convergence studies are now possible on the most powerful massively parallel computers ͑like the Cray T3E͒. In the future we plan to apply the time-dependent lattice method to study photoionization of excited-state He, as well as ground-state H Ϫ and Li ϩ . Inclusion of the radiation Hamiltonian in the time evolved wave function, along with the incorporation of fast electron absorbing boundary conditions, may also allow a detailed study of correlated multiphoton absorption processes in atoms.
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